Abstract: We consider transformations preserving asymptotic directions of surfaces in Minkowski 3-space and show that a transformation preserves the asymptotic directions of a surface if only if it is the projective one. Therefore, we obtain a characterization of the projective transformation.
Introduction
The projective transformation has been studied by many researchers in the Euclidean space. They characterize some properties of this transformation as follows. A transformation is the projective one if and only if it transforms a straight line to the other straight line [5] . In 3-dimensional Euclidean space, the projective transformation transforms an infinitesimally rigid surface to the other infinitesimally rigid surface, that is, it preserves the infinitesimal rigidity [8, 6, p.355 ] . The projective transformation also preserves the asymptotic lines of surfaces [3, p.202 ] . The transformations preserving asymptotic directions of hypersurfaces in the Euclidean space were considered by Alagöz and Soyuçok in [2] . Moreover, they gave a characterization of the projective transformation in [1] .
In this study, we investigate the properties of transformation preserving asymptotic directions of surfaces in Minkowski 3-space. We also show that a transformation preserves the asymptotic directions of a Minkowski surface if and only if it is the projective one.
Preliminaries
Let E 3 1 be a Minkowski 3-space with the scalar product [4, 9] . Therefore, the Minkowski triple scalar product is given by
where C = (c 1 , c 2 , c 3 ).
Let us consider a surface S in the Minkowski 3-space, which is given by the parametric representation
where x 1 , x 2 , and x 3 are cartesian coordinates. The Minkowski first fundamental form is defined by
with the coefficients
where
When det I > 0, S is called a spacelike surface; when det I < 0, S is called a timelike surface [4, 7, 9] .
The Minkowski unit normal vector is
The Minkowski second fundamental form is given by
[9].
The equation of the asymptotic directions of a surface
The asymptotic directions of a surface S in the Minkowski 3-space are defined by the equation II = 0 [9] . Regarding (10), the above equation can be written as
A spacelike surface S can be described by the Monge representation
A timelike surface S can be described by the Monge representation
[9]. Accordingly from (11) and (8):
For a spacelike surface, using (13) we have
For a timelike surface, using (14) we have
or using (15) we have
Therefore, from (12), the equation of the asymptotics of a Minkowski surface can be written as follows: For a spacelike surface,
For a timelike surface,
Conditions for a transformation preserving the asymptotic directions
In this section, we determine transformations that preserve the asymptotic directions in the Minkowski 3-space. Let
be a coordinate transformation in E 3 1 . We assume that T is differentiable of order 3 and
If the transformation T is applied to a Minkowski surface S defined by one of the equations (13), (14), or (15), we have respectively
Therefore, T transforms a spacelike surface S to a surface S * , which is given by the equation
and it transforms a timelike surface S to a surface S * , which is given by the equation
From (12), the asymptotic directions of the surface S * given by (27) or (28) or (29) can be written, respectively, as
respectively.
Since the transformation T transforms the asymptotic directions of a surface S to the asymptotic directions of the corresponding surface S * , it must transform the equation (18) 
or
Now let us carry out the calculations for the corresponding surface S * defined by (27). Thus the conditions for the transformations are given by (30). Since, for this case,
The equations (30) must be satisfied by any surface. Thus, from (33) we obtain the necessary conditions for the transformation preserving the asymptotic directions of a Minkowski surface.
For i = j = 1, we have
For i = j = 2, we have
and also the equations (35).
Finally, for i = 1, j = 2 or i = 2, j = 1, apart from the above equations we have
From (34), (35), and (38), we have
where A 1 , A 2 , and A 3 are arbitrary functions.
From the remaining equations, using (44) we obtain
Equations (34) to (43) are all satisfied by (45).
Carrying out similar calculations for the corresponding surface S * defined by (28) or (29) where the conditions for the transformation are respectively given by (31) or (32), we obtain the same equation (45). Thus we have the following lemma.
Lemma 1 A transformation T preserving the asymptotic directions of a Minkowski surface must satisfy the equations
where A 1 , A 2 , and A 3 are arbitrary functions of variables x 1 , x 2 , and x 3 .
A characterization of the projective transformation
Firstly, let us consider the projective transformation
where (m = 1, 2, 3), which can be expressed as
where C m p and C p are constants. For this transformation
and
Therefore, we have
Accordingly, the projective transformation satisfies (46). Hence, according to Lemma 1, the projective transformation preserves the asymptotic directions of a Minkowski surface.
In the following, we show that a transformation satisfying the conditions of Lemma 1 is the projective one. Now let us consider the compatibility equations of the equations (46 
Thus we find
where C a =const. ̸ = 0 and
Using (54) and (55), from (53) we first have 
(C 0 = const. ). Therefore, (54) becomes
